ABSTRACT. -In a previous work, the first author has identified three-dimensional boundary conditions "of von Kármán's type" that lead, through a formal asymptotic analysis of the three-dimensional solution, to the classical von Kármán equations, when they are applied to the entire lateral face of a nonlinearly elastic plate.
Outline
The notations not defined here are defined in Section 2. Consider a nonlinearly elastic plate, with reference configuration Ω ε = ω × [−ε, ε], ω ⊂ R 2 , made with a St Venant-Kirchhoff material with Lamé constants λ > 0 and µ > 0, subjected to body forces in its interior, to surface forces on its upper and lower faces, and to "von Kármán surface forces" on a portion γ 1 × [−ε, ε] of its lateral face, where γ 1 ⊂ γ = ∂ω and length γ 1 > 0. Such von Kármán surface forces have been proposed by Ciarlet [5] . The remaining portion (γ − As shown in Ciarlet [5] , the classical two-dimensional von Kármán equations are obtained by applying the method of formal asymptotic expansions to the solution to this problem, under the assumption that γ 2 = ∅. The purpose of this paper is to consider the more general case where length γ 2 > 0.
Following a by now well-established procedure (see, e.g., [7, Chaps. 4 and 5] ), this more general problem is first put in variational, or weak, form and "scaled" over the fixed domain Ω = ω× ]−1, 1[. It is then assumed that its solution u(ε) : Ω → R 3 admits a formal asymptotic expansion of the form:
It is first shown that the leading term u 0 = (u where the field ζ = (ζ i ) satisfies a two-dimensional problem, which may be expressed either as a variational problem (Theorem 3; the existence of a solution to the variational problem is established in Theorem 4) or as a boundary value problem (Theorem 5). The main result of this paper (Theorem 7) then consists in showing that, if the solution to this variational problem is smooth enough, it also satisfies a boundary value problem that generalizes the well-known von Kármán equations (a converse property also holds; cf. Theorem 8). More specifically, assume that ω is simply connected, that its boundary γ is smooth, and that ζ α ∈ H 3 (ω) and ζ 3 ∈ H 4 (ω).
Then there exists an Airy function φ ∈ H 4 (ω) that satisfies
where
In addition, the pair (ζ 3 , φ) ∈ H 4 (ω) × H 4 (ω) satisfies the following generalized von Kármán equations:
and φ 0 and φ 1 are known functions in terms of the given functions h ε α . In particular then, the boundary conditions on the Airy function can still be determined from the sole knowledge of the data even if length γ 2 > 0. Furthermore, the pair (ζ 3 , φ) satisfies a boundary value problem that generalizes the well-known von Kármán equations, corresponding to the case where γ 2 = ∅.
These results were announced in [9] .
The three-dimensional problem
Greek indices, corresponding to the "horizontal" coordinates, vary in the set {1, 2}, while Latin indices vary in the set {1, 2, 3}, the index 3 corresponding to the "vertical" coordinate. The summation convention with respect to repeated indices is systematically used. The notions needed below from three-dimensional nonlinear elasticity are detailed in, e.g., [6] .
Let ω be a domain in R 2 , i.e., a bounded, open, and connected subset of R 2 with a Lipschitzcontinuous boundary γ , the set ω being locally situated on a same side with respect to γ . Let γ = γ 1 ∪ γ 2 be a partition of γ such that length γ 1 > 0.
Consider a nonlinearly elastic plate with middle surface ω and thickness 2ε > 0, made with a St Venant-Kirchhoff material with Lamé constants λ ε > 0 and µ ε > 0. In particular then, the material constituting the plate is homogeneous and isotropic and the reference configuration ω × [−ε, ε] of the plate is a natural state.
Remark. -Although the "simplest" among all nonlinearly elastic materials that satisfy these assumptions, St Venant-Kirchhoff materials admittedly suffer from severe mechanical and mathematical drawbacks. They can nevertheless be safely employed for justifying, as here, nonlinear plate theories by means of an asymptotic analysis of the three-dimensional solution, because the two-dimensional nonlinear equations that are eventually obtained as the outcome of the asymptotic analysis are essentially the same as those that are obtained when more satisfactory models of nonlinearly elastic materials are used at the onset, but then at the expense of increased technical difficulties. Compare for instance the analysis of Ciarlet and Destuynder [8] and that of Davet [12] or the analysis of Le Dret and Raoult [18] and that of Ben Belgacem [3] .
The plate is subjected to body forces in its interior 
The stresses σ ε ij : Ω ε → R are the components of the second Piola-Kirchhoff stress tensor and the strains E ε ij (u ε [5] for justifying, in the special case where γ 1 = γ , the wellknown von Kármán equations through a formal asymptotic analysis of the three-dimensional solution, with the thickness as the "small" parameter.
Our objective consists in extending this asymptotic analysis to the more general case where length γ 2 > 0, i.e., where the plate is also subjected to a boundary condition of free edge on the portion γ 2 × [−ε, ε] of its lateral face.
The method of formal asymptotic expansions
Following a by now well-established procedure (see, e.g., [7, Chaps. 4 and 5]), we begin by rewriting the boundary value problem of Section 2 in the weak form of the principle of virtual work. To this end, we simply use the Green formula, which shows that any smooth enough solution u ε = (u ε i ) to the boundary value problem of Section 2 also satisfies the following variational problem P(Ω ε ):
Note that the boundary conditions on γ 1 × [−ε, ε] imposed on the fields v ε ∈ V(Ω ε ) insure that the boundary conditions on γ 1 appearing in the boundary value problem are indeed recovered by means of Green formula. The regularity imposed on the elements in the space V(Ω ε ) merely guarantees that all the integrals found in the variational problem P(Ω ε ) make sense.
We next define an equivalent variational problem, but now posed over a domain Ω that is independent of ε. This transformation involves ad hoc assumptions on the data λ ε , µ ε , f ε i , g ε i , and h ε α , regarding their asymptotic behaviors as functions of ε, and ad hoc scalings on the unknowns u ε i and also on the stresses σ ε ij . That we also scale the stresses mean that we use the "displacement-stress approach" originally advocated by Ciarlet and Destuynder [8] , then justified by Raoult [21] who showed its equivalence with the otherwise more natural, but substantially more delicate, "displacement approach" (see also [7, Sections 4.3 and 4.7] ).
More specifically, let
denote a generic point in the set Ω, and let ∂/∂ i . We then define the scaled displacements u i (ε) : Ω → R and the scaled stresses σ ij (ε) : Ω → R by letting:
. We next assume that there exist constants λ > 0 and µ > 0 and functions
Remarks.
- (1) The assumptions on the functions f ε α and g ε α will ultimately guarantee that the functions N αβ found in Theorem 5 satisfy ∂ α N αβ = 0 in ω. These relations in turn insure that an Airy function may be associated with the two-dimensional problem found at the outcome of the asymptotic analysis; cf. Theorem 7.
(2) The above scalings and assumptions on the data have been justified by Miara [20] , who showed that they constitute the necessary preliminaries to any asymptotic analysis that lead to a nonlinear Kirchhoff-Love plate theory, such as that found here (naturally, the assumptions on the data may take a more general form, as
, etc., with t any fixed real number).
Thanks to these scalings and assumptions on the data, problem P(Ω ε ) now takes the form of a variational problem P(ε; Ω) posed over the fixed domain Ω:
for all v ∈ V(Ω), the scaled displacements u i (ε) and the scaled stresses σ ij (ε) being related by:
The variational problem P(ε; Ω) constitutes the point of departure of our asymptotic analysis, inasmuch as its specific dependence on the parameter ε makes it amenable to the method of formal asymptotic expansions (for details about this well-known method, see, e.g., [ 
and that the leading terms of these expansions satisfy
Then the cancellation of the factors of ε 0 in problem P(ε; Ω) shows that the leading term u 0 should satisfy the following "limit" problem P KL (Ω):
The proof is analogous to that corresponding to a clamped plate (see [7, ) and for this reason is omitted. Suffice it to say that the above variational equations indeed make sense for vector fields (Ω) , like its two-dimensional counterpart P(ω) studied in the next section, is called a "limit" problem to remind that, since it is satisfied by the leading term u 0 of the formal asymptotic expansion of the scaled unknown u(ε), it formally corresponds to letting ε = 0. The subscript "KL" reminds that u 0 is a (scaled) Kirchhoff-Love displacement field (cf. Thm. 3).
The limit two-dimensional "displacement" problem
We now show that the three-dimensional limit problem P KL (Ω) found in Theorem 2 is in effect a two-dimensional problem "in disguise", in that any solution u 0 = (u 0 i ) : Ω → R 3 to P KL (Ω) can be computed from a solution ζ = (ζ i ) : ω → R 3 to a two-dimensional problem, denoted P(ω) below. This problem is called a "displacement" problem to reflect that its unknown is the (scaled) displacement field of the middle surface ω of the plate. 
Then there exists ζ = (ζ i ) ∈ V(ω) such that the components of the leading term u 0 = (u 0 i ) satisfying problem P KL (Ω) are of the form
. (a) A necessary condition for the existence of a solution to P(ω) is that the functions h α satisfy the compatibility conditions: Proof. -To begin with, we specify some notations: First, given η = (η i ) ∈ V(ω), we let:
We then define the space:
Finally, we let | · | 0,ω and · m,ω denote the norms in the spaces L 2 (ω) and H m (ω), or L 2 (ω) and H m (ω) (boldface letters mean that we consider spaces of vector-valued functions). (i) We first note that, if the variational equations of problem P(ω) are satisfied for η = (η i ) ∈ V(ω), they must also be satisfied by η = (η 1 + a 1 − bx 2 , η 2 + a 2 + bx 1 , η 3 ) for any constants a 1 , a 2 , b, since η is again in V(ω). Hence we must have
since the other terms in the variational equations are unaltered; or equivalently
Hence (a) is proved.
(ii) We next show that solving problem P(ω) is equivalent to finding the stationary points of an ad hoc functional over an ad hoc function space.
To this end, we first define a function J : V(ω) → R by letting:
for any η ∈ V(ω). Noting X/Y the quotient space of X by Y , we then define the space (here,
where If the necessary condition of (a) is satisfied, we have J (η H , η 3 ) = J (ζ H , η 3 ) for any ζ H ∈η H . Hence we can unambiguously define a functionalJ :Ṽ(ω) → R by letting, for eachη = (η H , η 3 ),
We then note that, as a sum of continuous multi-linear forms, the functionalJ is differentiable (in fact, infinitely so) over the spaceṼ(ω), equipped with its "natural" norm · Ṽ (ω) defined for anyη = (η H , η 3 ) by
For arbitrary elementsζ ,η ∈Ṽ(ω), the Gâteaux derivativesJ (ζ )(η) are obtained by computing the linear part with respect toη in the difference {J (ζ +η) −J (ζ )}. This gives
Hence ζ ∈ V(ω) satisfies problem P(ω) if and only ifJ (ζ ) = 0, i.e., if and only ifζ is a stationary point of the functionalJ over the spaceṼ(ω).
(
iii) The functionalJ is sequentially weakly lower semi-continuous over the spaceṼ(ω).
The quadratic part 
by definition of weak convergence, since L is strongly continuous. 
the functionalJ is coercive on the spaceṼ(ω).
An inspection of the various terms found in the functionalJ shows that:
, where |η 3 | 2 2,ω = α,β |∂ αβ η 3 | 2 0,ω , c 1 = |p 3 | 0,ω , and
, χ denoting the norm of the trace operator from
There exists a constant c 3 > 0 such that 
2,ω ) → +∞, hence thatJ (η) → +∞. ✷ We next write the boundary value problem that is, at least formally, equivalent to the variational problem P(ω). In what follows, (ν α ) denotes the unit outer normal vector along γ , (τ α ) denotes the unit tangential vector defined by τ 1 = −ν 2 , τ 2 = ν 1 , and ∂ ν and ∂ τ denote the associated normal and tangential derivatives along γ . 
Proof. -The proof rests on the Green formulas
and all functions m αβ ∈ H 2 (ω) and N αβ ∈ H 1 (ω)). Also used are the relation In order that this boundary value problem be expressed in terms of "physical" quantities, it remains to "de-scale" the unknowns: To this end we are naturally led, in view of the scalings made in Section 3, to define the "limit" displacement field ζ ε = (ζ ε i ) : ω → R 3 of the middle surface of the plate through the de-scalings:
Together with the assumptions on the data made in Section 3, these de-scalings lead to the following immediate corollary to Theorem 5 (naturally, the variational problem P(ω) of Theorem 3 could be likewise de-scaled): THEOREM 6. -Assume that the boundary γ is smooth enough and that ζ = (ζ i ) is a smooth enough solution of problem P(ω). Then the corresponding de-scaled limit displacement field ζ ε = (ζ ε i ) satisfies the following boundary value problem:
The partial differential equations in ω found in Theorem 6 show that the limit two-dimensional equations justified here belong to the nonlinear Kirchhoff-Love plate theory, like those of a nonlinearly elastic clamped plate justified by a similar method by Ciarlet and Destuynder [8] . We recall that a nonlinear Kirchhoff-Love plate theory is essentially characterized by the scalings that are made at the onset of the asymptotic analysis, of order two and one with respect to the horizontal and vertical components of the displacement, respectively. These scalings eventually produce semilinear partial differential equations of the fourth order with respect to the vertical component ζ ε 3 and of the second order with respect to the horizontal components ζ ε α , which reduce to those of the linear Kirchhoff-Love plate theory (see, e.g., [7, Section 1.7] ) when only the linear terms with respect to the unknowns are retained. The same scalings also produce a limit displacement field across the thickness of the plate that is a Kirchhoff-Love displacement field, i.e., that is of the form ((ζ ε α − x ε 3 ∂ α ζ ε 3 ), ζ ε 3 ). For further comments about the nonlinear Kirchhoff-Love theory, see in particular [7, Section 4.9] . For its relation and difference with other "limit" two-dimensional nonlinear theories for planar elastic bodies, see in particular [15] , where the crucial influence of the scalings in this respect is particularly well highlighted.
Remark. -The coefficient
3(λ ε +2µ ε ) factorizing 2 ζ ε 3 in the first partial differential equation is the flexural rigidity of the plate.
Equivalence of the limit two-dimensional displacement problem with generalized von Kármán equations
Under the crucial assumption that the domain ω is simply connected, we now establish (in two stages; cf. Theorems 7 and 8) the equivalence, within the class of smooth solutions, of the twodimensional "displacement" boundary value problem found in Section 4 with a two-dimensional problem that generalizes the well-known von Kármán equations. While the unknowns in the former problem are the three components ζ ε i of the limit displacement field ζ ε of the middle surface of the plate, there are only two unknowns in the latter, one being the vertical component ζ ε 3 of the displacement field ζ ε of the middle surface of the plate and the other being an Airy function φ ε , from the knowledge of which the horizontal components ζ ε α can be determined. Without loss of generality, we henceforth assume that the origin 0 belongs to the boundary γ of ω. 
Consequently, the assumed regularities N αβ ∈ H 2 (ω) imply that φ ∈ H 4 (ω). Clearly, φ is then uniquely defined if we impose that φ(0) = ∂ α φ(0) = 0.
(iii) The relations just established between the functions ∂ αβ φ and N αβ show that
along the boundary γ . For any y ∈ γ , we thus have
where the functions φ 0 and φ 1 are of the form given in the theorem. Note in passing that these boundary conditions provide another means of deriving the compatibility conditions that must be satisfied by the functionsh α .
(iv) The expression of the functions N αα in terms of the functions ζ i show that
Thanks to the relations ∂ α N αβ = 0, which imply in particular that
the expression (∂ α ζ α ) in 2 φ can be replaced by a function of ζ 3 only. In this fashion, we obtain
and the proof is complete. ✷
- (1) The regularity and compatibility conditions satisfied by the functionsh ε α are consequences of the assumption of the existence of a solution (ζ ε i ) with ad hoc regularity to the boundary value problem found in Theorem 6. There is otherwise no reason why these properties should be satisfied in general.
(2) Naturally, the classical von Kármán equations are recovered by letting γ 1 = γ .
The situation is substantially more delicate if ω is not simply connected. In this direction, see in particular [11] and [16] . Proof. -As the proof is essentially the same as that of Theorem 5.6-1(b) in [7] (see also [5, Theorem 5.1]), it is omitted. We simply mention that the field (ζ ε α ) ∈ H 3 (ω) is uniquely determined up to the addition of fields (η α ) with components of the form η 1 = a 1 − bx 2 , η 2 = a 2 + bx 1 . ✷
Conclusions and commentary
We have thus generalized the asymptotic analysis of Ciarlet [5] , by showing that a nonlinearly elastic plate may be again modeled by equations generalizing the von Kármán equations, even if the three-dimensional "von Kármán surface forces" are only applied to a portion of its lateral face, the remaining portion being free.
To this end, we established in particular the somewhat unexpected result that the boundary conditions on the Airy function φ ε (which otherwise always exists; see the proof of Theorem 7) can still be determined on the entire boundary γ solely from the data h ε α on γ 1 , a circumstance that in turn affords the possibility of writing a boundary value problem with ζ ε 3 and φ ε as sole unknowns (Theorem 7).
Other three-dimensional boundary conditions may surely lead to similar generalized von Kármán equations, for instance, boundary conditions corresponding to "live" von Kármán surface forces, as considered by Blanchard and Ciarlet [4] , or boundary conditions of "simple support" on γ 2 × [−ε, ε], as considered by Schaeffer and Golubitsky [22] and Gratie [17] ; see Ciarlet and Gratie [10] .
However, there seem to be counter-examples. For instance, if the boundary γ of ω is partitioned as γ = γ 0 ∪γ 1 ∪γ 2 , the three-dimensional boundary conditions being the same as here on γ 1 × [−ε, ε] and γ 2 × [−ε, ε], and of the form u ε i = 0 on γ 0 × [−ε, ε], it seems unlikely that the boundary conditions on the Airy function could still be determined along the entire boundary γ solely from the data of the three-dimensional problem; see again Ciarlet and Gratie [10] .
The equivalence between the limit "displacement" boundary value problem of Theorem 6 and the generalized von Kármán equations of Theorem 7 is established under the assumption of existence of smooth solutions to either problem. Whereas such an assumption is not unduly restrictive when γ 2 = φ (because von Kármán equations have smooth solutions for smooth data; see [19, Theorem 4.4, p . 56]), it undoubtedly becomes a severe, but seemingly unavoidable, restriction in the more general case (treated here) where length γ 2 > 0.
This restriction does not prevent, however, a mathematical analysis of the generalized von Kármán equations "for themselves".
